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Abstract

We discusssome properties of the researd collaboration graph for mathematicians, look
at its ewolution over time, and survey somerandom models that might produce graphs
of this sort. Our approad is more experimental and statistical than theoretical. Further
information is available on the Erdps Number Project web site (especially the subpage
http://www.oakland.edu/~grossman/trivia.html ).
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x1. Intro duction

The mathematics researt collaboration graph C.,.¢;, hasasits verticesall mathematicians
who have published researt papers. Two verticesare joined by an edgein Cy, ¢y if the two
mathematicians have published a joint paper, with or without other coauthors. Using 60
yearsof data from Mathematical Reviews(MR, available electronically on the World Wide
Web as MathSciNet [15]), from its beginning in 1940, we nd that this graph currently
has about 337,000 vertices and 496000 edges.

Traditional modelsof random graphsdo not producegraphsthat look at all like C,ath-
For example,in Cpan (@and similar \small world" graphsin the senseof Watts [23]) the
number of vertices of a given degreeis approximately proportional to a power (somewhere
around j 3) of the degree, whereasthe traditional model gives a Poisson distribution.
Recertly a number of researdiersin both mathematics and physics have suggestedvarious
random graph modelsto explain the structure and ewolution of graphslike Cya¢n.

In this paper we look at somedetails of the structure of C\,.,. In addition to dis-
cussingthe ertire graph asit existsat the presert time, we alsostudy its ewolution over the
past 60 years. We believe that thesedata are interesting in their own right asa re°ection
of the way mathematical researd getsdone, apart from the mathematical questionsraised
about how to model and analyze social interactions. We also obsene to what extent the
structure of C\,.+, conformsto the predictions made by the various random graph models
that have beenproposed.



x2. The MR Data and the Construction of Cyain

The American Mathematical Scciety's Mathematical Reviews database consists of about

1.6 million authored items (mainly researd papers published in peer-refereedjournals),

written by a total of about 337,000di®erent authors. (These are the gures as of the end
of the 20th certury; of coursethesenumberscortinueto grow.) For simplicity we call eat

such item a \pap er". (We ignore non-authored items in the database,sud as conference
proceedings|the relevant papersin the proceedingshave their own ertries as authored

items.) In maintaining this database,and making it available to subscribersin print form

and on the Internet, the MR editors and sta®have taken painsto identify authors aspeople
and not merely asnamestrings|strings of charactersthat the journal listed asan author's

name. For example, Raymond L. Johnson, Roberto Johnson, and Russell A. Johnsonall

published under the name string \R. Johnson", but eat of the papersby \R. Johnson"in

the databaseis identi ed with exactly oneof thesethree people. To the extent that MR has
beensuccessfulin this endeaor, the collaboration graph will accurately re°ect the sccial

network of individuals and not acciderts causedby misidenti cation. (Someerrors of this

type remain, to be sure, but we do not think they substartially a®ectour results. Indeed,
beforethey correctedthe mistakein 1995,MR listed a paper by the physicist Paul Erdpsas
being by the mathematician Paul Erdps. Now, thesetwo individuals are identi ed as Paul

Erdps® and Paul Erdps', respectively, using a corvertion that has becomeincreasingly
necessary See[21] for more details.)

This databaseof authored items givesrise to a bipartite graph B,..:n, Whosevertices
of one type are the papers and vertices of the other type are the authors, with an edge
between a paper and ead of its authors. The graph B,,.:1, has about 2.3 million edges,
from which it follows that the average number of authors per paper is about 11, and
the average number of papers per author is about 7. (The latter distribution is heavily
skewed, with “rst quartile 1, median 2, third quartile 6, standard deviation about 15, and
maximum 1401, the number of papers by Paul Erdps in the database.) Any bipartite
graph givesrise to two assaiation graphs by squaring and restricting the verticesto being
of one type or the other. Thus the collaboration graph C,.;» has the set of authors as
its vertices, with two authors adjacert if they are amongthe authors on some paper|in
other words, if they are published researd collaborators. (We have also studied the graph
obtained when we restrict the set of papersto be only those with exactly two authors; see
[11] for more discussionof this \collab oration graph of the secondkind".)

We corrected a few anomaliesin C\,.,, by hand before analyzing it. For example,
we removed the author that MR identi ed as\et al.", who was on the author list of a
number of papers, including one with no coauthors! Based on extensive experience with
the databaseover the past sewen years, we are con dent that problems of this sort do not
signi cantly distort the true picture of the collaboration graph.

x3. Mo dels for Small World Graphs

The mathematics collaboration graph (as well as other social networks studied in the
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literature) exhibits seeral interesting features. First, although the number of edgess fairly
small (just a little larger than the number of vertices), the average path length between
verticesin the samecomponert is small. Furthermore, there is a\giant componert” of the
graph that encompasses majorit y of the authors, and the remaining componerts are very
tiny. Second,the degreesof the vertices in the collaboration graph follow a \p ower law"
pattern|the number of vertices of degreex is proportional to a (negative) power of .
Third, the clustering coexcient is fairly large. (The clustering coexcient [20] of a graph is
the fraction of ordered triples of vertices a, b, ¢ in which edgesab and bc are preser that
have edgeac presen. In other words, how often are two neighbors of a vertex adjacert
to ead other?) The question, then, is, \What model of random graphical ewolution will
produce graphs with these (and other) properties of the collaboration graph?”

The rst model for constructing random graphs [10] appearedin 1961, when Erdps
and R&nyi xed the (large) number of vertices (n) and the number of edges(m, which
could depend on n) and choseendpoints of edgesuniformly at random until the required
number of edgeshad been obtained. Beautiful and surprising theorems describe how,
almost surely, the structure of the resulting graph dependsonly on how large m is, relative
to n. For example,if m > n/2, then there will be a giant componert corntaining most of
the vertices, and if m > (nlogn)/2, then the graph will be connected.

The Erdps-REnyi model is not suitable for describing collaboration graphs, howewer,
becausecollaborations are not formed uniformly at random. For example,if » and v have
ead collaborated with the sameperson,then it makessensethat « and v are more likely
to have collaborated with ead other than if they do not share a common collaborator.
(This will tend to make the clustering coexcient higher.) Furthermore, it seemdikely that
peoplewho have already collaborated with many peopleare more likely to collaborate with
someoneelsethan those who have few collaborators. (Once vertices attain a high degree,
their degreewill tend to increaseeven more as the graph ewlves, so the distribution of
degreeswill be skewed.) Thus in a realistic model, the probability of adding edgeuwv in
the construction processshould depend on sud things as how closew and v already are
in the graph constructed so far, or how many edgesare already incident to ead of them.
Di®erert models are needed.

Both mathematicians and physicists have proposeda variety of interesting models.
One way to guarartee the power law pattern of vertex degreess to x the degreesequence
according to sudch a law and then construct the graph to have exactly, or expectedly, the
given degreesequence.Specifying degreesahead of time was rst tried in 1978by Bender
and Can eld [6], and then deweloped further in 1995by Molloy and Reed [16]. In much
of this previous work, special emphasiswas placed on regular graphs (rather the opposite
extreme from what we want here). In 2001 Aiello, Chung, and Lu [1] used Molloy and
Reed'smodel with a power law for the degreesequence.Precisely they assumedthat the
number of vertices of degreex is ¢®zi  for somepositive constarts . and 3. They proved
results analogousto those in the traditional model. For example, if 3 is between 2 and
3.47,there is almost surely a unique giant componert with £( n) vertices, the secondlargest
component hasonly £(log n) vertices, and there are componerts of essetially every size
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Figure 1. Distribution of (nonzero) vertex degrees in Can

from 2 to £(log n).

Rather than specify the required degreedistribution ahead of time, Barab§si and
Albert in 1999[3] grew their graphswith the following algorithm, which incorporates the
kinds of assumptionsone might want to make about collaboration graphs. Initially , the
graph has one vertex (or a small number of vertices). At ead time step, a new vertex is
added and attached to old onespreferertially, with vertices of higher degreemore likely
to becomeneighbors of the new vertices; and, in somevariants [5], edgesare also added
among vertices already presen, again with preferertial attachment. In simulations, they
found that the degreesof the verticesin the resulting graphs did follow a power law, with
(3 % 3. Bollob§s et. al [7] con rmed theoretically that 5 = 3 in this model.

Theseare not the only approacdesin the literature. Se\eral other modelsand analyses
have beenproposed(e.g., a random model without preferertial attachment [8]); see[4] for
a recernt survey, which also explains the connection to percolation theory in statistical
medanics. There is widespread interest in this subject, perhaps partly becauseof its
relevance to analyzing the World Wide Web [14]. Indeed, papers have appearedin suc
main-stream journals as The Proceedings of the National Academy of Scienes [19], Nature
[24], and Sciene [3], and there are at least two recert books on thesetopics pitched to a
generalaudience[23], [2].



x4. The Prop erties of Chain

The mathematics researd collaboration graph C,.:, has 337,454 vertices and 496,489
edges,so the average degree (number of coauthors for a mathematician) is about 2.94.
There are 84,115isolated vertices in Cya¢n (25%), which we should probably ignore for
the purposesof this analysis; after all, these are not collaborating mathematicians. That
leaves253,339verticeswith degreeat least 1. Viewedthis way, the averagedegree(number
of coauthors for a mathematician who collaborates) is 3.92.

Let us rst look at the degreesof the vertices, and seewhether the power law predicted
in x3 holds. We want to t the equationy = ¢®zi  to our data, where z rangesover the
degreesof the verticesand y is the number of vertices of degreex. The scatterplot of log(y)
versuslog(x) is shown in Figure 1. (We omit the degreesthat do not occur.) A regression
gives 3 = 2.81, with R? = 93.9%. This value of 3 is consistert with other examplesof
massive graphs studied in the literature cited in x3, sud as the World Wide Web and
telephonecall graphs. (If we omit Paul Erdps, whosedegreeis 502, then we have 5 = 2.87
and R? = 94.9%.)

Next we look at the sizesof the componerts of C.;n. One giant componernt has
208,200vertices and 461,643edges;and the remaining 45,139 vertices and 34,846 edges
split into 16,883componerts, ead having from 2 to 39 vertices. The sizesof the nongiant
componerts are shawvn in Figure 2, whoseaxesare again on a log-log scale.

According to the models in x3, the componen sizes,as well as the vertex degrees,
should follow a power law; that is, the number of nongiant componerts with x vertices
should be proportional to z* for someé < 0. A linear regressiongives us an exponert of
6 =i 3.72,with R? = 97.3%. If we omit the outlier (an acciden that the largest nongiart
componert happensto have 39 vertices as opposedto, say, 25), then we get an even better
T exponert § = j 3.96and R? = 99.2%. The model in [1] predicts that since3 is between
2 and 3.47, we should expect a largest nongiant componert to have on the order of log(n)
vertices, and there should be a componert of essetially every sizeup to this value. In fact,
Cmatn hascomponerts of every sizeup to 21, and the only two larger nongiant componerts
have 23 and 39 vertices.

Next, we concerirate just on the giant component of C,.t, and considerthe distri-
bution of distancesbetweenvertices. Basedon a random sample of 66 pairs of verticesin
this componert, the averagedistance betweentwo vertices is around 7.73 (between 7.37
and 8.08 with 95% con dence), with a standard deviation of about 1.45. The median of
the samplewas 8, with the quartiles at 6.75and 9. The smallest and largest distancesin
the samplewere 5 and 12, respectively. The appropriate buzz phrase for Cy,.cn may be
\nine degreesof separation” [13], if we wish to accourt for three quarters of all pairs of
mathematicians.

We nd that the diameter of the giant componert (maximum distance betweentwo
vertices) is 27, and the radius (minimum eccetricit y of a vertex, where the eccertricit y is
the maximum distance from that vertex to any other) is 14. (Surprisingly, the eccetnricit y
of Paul Erdpsis 15, not 14; Noga Alon and at least two other vertices have eccerricit y
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14.) For an Erdps-REnyi random graph with the edgedensity of C,.:n, ONe expects small
diameters in the giant component [9]; in our casewe should expect something close to
log(337454) 109(2.94) ¥2 11.8 (or 109(253339) 10g(3.92) %2 9.1 if we ignore the isolates, or
log(208200) log(4.43) %2 8.2 if we stick to the giant componert). Theoretical estimates
of the radius, diameter, or averagepath length for other random graph models, however,
have not beencomputed.

For any xed vertex u in the giant componert, we can ask for the shape of the
distribution of the distancesfrom « to the other 208,199vertices in this componert. The
distance from u to v is, of course,the familiar \Erd}os number" of v when v = Erdps [12].

To analyze this aspect of C,.¢n, We took a random sample of 100 vertices in the
large componert and computed for eat of them the mean and standard deviation of the
distancesto all the other vertices. The meansvariesfrom 5.65to 11.61,with an averageof
7.52 and a standard deviation of 1.00. The standard deviations are remarkably constart,
with the numbers varying only between 1.19 and 1.35 (the interquartile range was from
1.23to 1.27, mean 1.25, standard deviation 0.03). So although the average \Jane Doe"
number variesquite a bit, depending on who Jane Doe s, the distribution of thesenumbers
has pretty much the sameshape and spreadfor everyone. Figure 3 shows the distribution
of Erdps numbers and the distribution of \Jane Doe" numbers for a person chosen at
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random. It seemsas if those people further away from the heart of the graph may take
longer to get to the heart, but oncethere, the fan-out pattern is the same.

Figure 3. Distribution of Erd}os numbers (fron t) and Doe numbers

Finally, we compute the clustering coexcient of C\,., to be 0.15 (this calculation is
con rmed in [17]). That is 10,000times higher than one would expect for a traditional
random graph with 253,000vertices and 496,000edges,another indication of the needfor
better models [18]. Theoretical estimates of the clustering coexcient for other random
graph models, howewver, have not beencomputed.

x5. The Evolution of Cy.in over Time

Tables 1 and 2 gives various statistics on the publication habits of mathematicians over
time, organized roughly into decades(the 90s end with papers published around 2000).
Thesesummarieswere determined from B,,..,,. All integer gures are roundedto the near-
estthousand. Data are given both for all authors, and for authors who have collaborated.
A \collab oration" is recordedfor ead instance of a pair of authors sharing a publication.

Thesetables reveal a number of trends. The total number of papers per year seemso
be rising about 1000{2000papers per year per year, but the actual increasein publications
may be more, to the extent that MR tries to keepits costin line by becomingmore selective
in what it catalogs. That the relative rate of increasein the number of authors is slightly
lesscan be seenfrom the fact that the average number of papers per author per decade
hasrisen slowly from about 4 to about 5 over the past half certury.
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thru 90s thru 80s thru 70s thru 60s thru 50s thru 40s

number of papers 1598 1010 572 278 109 30

number of authors 337 225 137 68 29 10

ave. authors/pap er 1.45 1.35 1.27 1.20 1.14 1.10
s.d. authors/paper 1.63 1.50 1.40 1.31 1.28 0.36
1-auth papers 66% 73% 78% 84% 88% 91%
2-auth papers 26% 22% 18% 13% 11% 8%
3-auth papers 7% 4% 3% 2% 1% 1%
> 3-auth papers 1% 1% 1% 1% 0% 0%
ave. papers/author 6.87 6.05 5.30 4.89 4.33 3.41
s.d. papers/author 15.34 12.91 11.26 10.49 8.88 5.70
collaborating authors 253 153 82 34 11 3

fraction of all authors 75% 68% 60% 49% 39% 28%
ave. collaborators/auth 2.94 2.26 1.67 1.20 0.83 0.49
ave. collaborations/auth 5.65 4.08 2.87 2.01 1.36 0.75
ave. coll'tors/col. auth 3.92 3.33 2.79 2.42 2.14 1.74
ave. coll'tions/col. auth 7.52 6.00 4.77 4.07 3.50 2.65

Table 1. Cumulative data, by decade; integer figures in thousands

Perhapsmost striking is the increasingtendencyto collaborate. Whereasin the 1940s
and 1950s,only one paper in nine wasjoint work, and paperswith more than two authors
were vitually unheard of, by the 1990sonly half the papers being published were solo
vertures, and onein eight had more than two authors. In those early years,lessthan half
of all mathematicians had ever written ajoint paper, whereasfour fths of mathematicians
who published in the 1990shad published at least one joint work in that decade. The
averagenumber of collaborators for an author has also grown dramatically, from lessthan
oneif we closethe booksin 1959,to nearly three if we look at the ertire database.

If we look just at the papersin the late 1990s(the last 95,000papersin our database,
or about two years' worth), then we nd that the mean number of authors per paper has
increasedto 1.71 (standard deviation 1.90), with 49% of the papers by a single author,
35% by two authors, 13% by three authors, and 3% by four or more authors, an increase
in collaboration even over the 1990sas a whole.

X6. Open Questions and Directions for Future Work

Using the data in MR, one can look at other questions as well. For example, it would
be very interesting to look at the bipartite graph B,.:. itself and study sud things as
the numbers of papers mathematicians write, and when in their careersthey write them;
or turn the tables and look at the \collab oration graph” of papers, rather than authors.
We can also analyze the subgraphsof C\,.:, restricted to various branches of mathemat-
ics or speci ¢ subjects. In what qualitative and quantitativ e ways, for example, does
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90sonly 80sonly 70sonly 60sonly 50sonly 40sonly

number of papers 587 439 294 168 80 30

number of authors 192 144 97 51 24 10

ave. authors/pap er 1.63 1.45 1.33 1.23 1.16 1.10
s.d. authors/paper 1.82 1.63 1.48 1.35 1.26 0.36
1-auth papers 54% 66% 73% 81% 87% 91%
2-auth papers 33% 27% 22% 16% 11% 8%
3-auth papers 10% 6% 4% 2% 2% 1%
> 3-auth papers 3% 1% 1% 1% 0% 0%
ave. papers/author 4.97 4.43 4.03 4.05 3.84 3.41
s.d. papers/author 8.31 6.91 6.15 6.60 6.73 5.70
collaborating authors 155 104 62 27 9 3

fraction of all authors 81% 72% 64% 52% 41% 28%
ave. collaborators/auth 2.84 2.16 1.62 1.18 0.84 0.49
ave. collaborations/auth 5.14 3.66 2.62 1.90 1.34 0.75
ave. coll'tors/col. auth 3.51 2.99 2.55 2.25 2.08 1.74
ave. coll'tions/col. auth 6.35 5.06 411 3.64 3.31 2.65

Table 2. Data for each decade; integer figures in thousands

the subgraph Cy5; of Chatn, in which only those papers are considered whose primary
mathematics subject classi cation [22]is \05 Combinatorics" (which includes enumerative
combinatorics, designsand con gurations, graph theory, extremal combinatorics, and al-
gebraic combinatorics), di®er from all of C,,,;1? We conjecture that the publishing and
collaboration habits strongly depend on sub eld.
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