APM 542, Winter 2004
Final EXAM — Solutions; April 26

M. Shillor
April 21, 2005

You have 3 hours and you have to answer 12 questions. Answer 9 out
of questions 1-12, and you have to answer questions 13 — 15. Mark clearly
which three questions are not to be graded. Each question is worth 16.5
points (total of 200). You may use two sheets of paper freely written on four
sides. Please attach them to the exam. Show full logic for full credit.

Good luck!

1. Find the eigenvalues of the initial value problem, and describe the critical
point,
Y=Yt Y, Yo =4+

(o) =(i D))

Then, the critical point is (0,0) and since

A: We have

g=detA=1—-4=-3<0,

the point is a saddle point. The eigenvalues are found from

|A— M| =

1—A 1
4 1—A

':Q-AV—4:Q

thUS, /\1 = —1and /\2 =3.



2. Use the Cauchy-Riemann equations to find where the function

1
f(2) = —
is analytic.
A: We have
1 zZ41 r—i(y—1
fo) = = 2 roiun )
i G-0GE+) P10
Thus
x y—1
U= ——"—""3= V= ————.
A1y Ar - 1p
A straightforward computation yields
(y —1)* —a? 2z(y — 1)
= ) u = )
(% + (y — 1)?)? (@4 (y—1)2)?
—2x(y — 1) (y—1)°—a?
Uy = , vy = )
(2% + (y — 1)%)? (@2 (y—1)2)?
We conclude that u, = v, and u, = —v, everywhere except for z = 1, i.e.,

(0,1). So the function is analytic everywhere except at this point.

3. The propagation of sound in a long pipe is governed by the equation
Ut — 4ua:1‘ = Oa

where u is the pressure. If a short burst of noise of constant pressure f = 2
takes place initially for —2 < x < 2, (¢ = 0) what will be the sound pressure
inz=06at timest=1.9, t =2.1,t = 6 sec?

A: D’Alembert’s solution is
u(,t) = S (f(o +20) + flx — 20)),
since ¢ = 2. Therefore,
w(6,1.9) = %(f(6 +3.8)+ f(6—3.8)) = %(f(9.8) +F(2.2) = 040 = 0:
Similarly

u(6,2.1) = %(f(lO.Z) FROS)) =1 u(6,6) = %(ms) b F(=12)) = 0.



4. Let G = G(u) be the potential energy function

G(u):/QHVuHQdA—2/qudA,

of a membrane occupying a domain 2 in the plane, with boundary I', and
let
K={v: ¢<u, v=gonl}

where z = ¢(x,y) is the obstacle under the membrane and z = g is the shape
of the rim.

Describe the classical equations and conditions that are satisfied by the
minimizer u € K of G,

G(u) < G(v), for all v € K.

A: The problem is that of a stretched membrane lying above a rigid
obstacle. Classically, the problem can be written as

Viu+f < 0 inQ,

¢ < wu in

(V2u+ flu—¢) = 0 inQ,
u = g onl.

5. Find the radius of convergence of the series

A: We have that the radius of convergence is

3an+1 3
|y T :11m3(”):3.
Ana1 n—oo 3(n + 1)3  n—oo n+1

R? = lim

n—oo

We conclude that the radius of convergence is

R = 3.



6. Compute the integral over C': |z| =,

[:fwdz.
c 2(1—2)

A: The function has two simple poles at z = 0 and z = 1. The residues
are:

Res, oot 2% A3+ EF3+z
2(1—2) 220 z(1-—2) =0 11—z
43 —1)(ef+3 43
ReSz—q—e i +Z:hm (2= D" + +Z>:—lim—e i +Z:—e—4.
2(1—2)  2=1 2(1—2) z—1 z

Using residue integration we conclude that

I =2mi(4 —e—4) = —2mei.

7. Find the phase-plane trajectories of the equation
w' = (y')? = 0.
A: Let y; = y and y, = ¢/. Then, the equation can be written as

dyo dy, Ldy, 1dp
W — " Yo dt  y dt

Therefore,
(In Z/2)/ = (In yl)/7

and then Inys = Iny; + ¢, so
In (%) =c
Y1

We conclude that y2/y; = ¢, or y» = cyi, and the trajectories lie on the rays
through the origin.



8. Integrate the function f(z) = Re(2?) countercloackwise around the trian-
gle with vertices 0, 1, 7.

A: We can represent the path of integration as C' = C} + Cs + C3 where
Cr:z(t) =t, Cy:z(t) = (1 —1t) +it, Cs:2(t) = (1 —t)i,

for 0 <t < 1. Next, Re(z?) = 22 — y?, thus

%}Re(zQ)dz = /01 Re(2%) dz + /02 Re(2%) dz + /C3 Re(2%) dz

:/Ol(tQ)dt—i—(—1—1—2’)/01(1—2t)dt—|—i/01(1—t)2dt

1 i 1
I—t)3 =4+ == =(1+14).
A=t =5+5=350+1)

i

1 .
= t3g+ (=1 +0)(t —t7)|s — 3

3

9. Find the integral of the function f over closed curve C' that encloses the
points z =0, z = —1, where

2z —1

224z

f(z) =
A: We note that
f(z): 2z —1 _ 2z —1
2+z  z2(z+1)

Then the integral can be evaluated using the residue theorem,

I= ]{ f(2)dz = 2mi (Res,—of(2) + (Res,—._1f(2)) .
c
Next,

Res, o f(z) = lim 22— 1)

Z_)Om = —]., Reszq_lf(z) = 3.

We conclude that I = 4.



10. Determine the location and type of all critical points of the system
V=1 Y=Y

A: The critical points are the zeros of the right hand sides; thus, these
are (0,0), (£1,0). We begin with the type of (0,0), and neglecting v, by

linearizing, we find
m _ (0 1\ (wm
Y2 1o Y2 )

Then, ¢ = det A = —1 < 0, and the point is a saddle point. Next, we
linearize about (1, 0) by introducing %, = y; — 1 and %, = y». Then, y; — 33 =
(1 +1) — (51 + 1)* = =y} — 3y} — 27;. Neglecting the terms with 73 and 3?2

we find ,
(3 -(% ()
U2 -2 0 Y2 )

Then, ¢ = det A =2 > 0;p = 0, and the point is a center, and similarly for
the critical point (—1,0). The trajectories are closed ellipses.

1
1

11. Find the sum -
S=) (n+2)(n+1)2"
n=0

A: The easiest way to obtain the solution is to note that

() = liz _ gz” = f&'=5 _22)3 - g(n+2)(n+1)z".
Therefore,
o2
(12

and the equality holds where the series converges, that is |z < 1.



12. A beam is simply supported at both ends, z = 0 and x = L, so the
boundary conditions are

w(0,) =0, 1wz (0,t) =0, w(L,t) =0, wuz(L,t)=0.

If we set u(z,t) = F(x)G(t), what is the equation for the natural frequencies?
A: We have GF — GF"™ =0, thus

F//// .
= =-0"  G+¥e=o

where A\ = ¢f3? is the frequency. From the boundary conditions we have
F(0) = F"(0) = 0 and F(L) = F"(L) = 0. The solution to the spatial
problem is

F(z) = Acos(fz) + Bcosh(fBx) + Csin(fz) + D sinh(fx),
and
F"(x) = —3*Acos(Bx) + 3°B cosh(Bz) — °C'sin(Bz) + 3*D sinh(Sz).

It follows now from the boundary conditions F'(0) = F”(0) = 0 that A =
B = 0. Then, the boundary conditions F'(L) = F"(L) = 0 yield

C'sin(BL) + Dsinh(SL) = 0, —C'sin(BL) + Dsinh(GL) = 0.

Thus, C' = 0 and the equation for the s is

nm

sin(fL) =0, = 5,127, n=123,...

We conclude that the frequencies of vibrations are

Ap = . n=1,23,...




13. (You have to answer this question) Find the Taylor series, at z = 0, of

the function
/ Smt

A: The series expansion for the sin(¢) function is

0 75277,4-1
sint = ;(—1) m,

which converges everywhere in the complex plane C, and so

2n

Z 2n+1)

n=0

We now integrate this expression term by term, which is allowed sine the
series converges, thus,

/ ﬂd _/Z (%(—1)”%) dt

2n+1

- Z(_l)n(2n) [(2n 4+ 1)

14. (You have to answer this question) The vibrations of a string that is
attached 0 < z < L to the wall at x = 0 and satisfies the third boundary
condition at x = L are described by

2
Ut — C Ugy :Ov

u(0,t) =0, uz(L,t) + au(L,t) =0,
u(z,0) = f(z), u(x,0) = 0.

Find the equation for the frequencies (in time) of the vibrations.



_A: We use separation of variables and let u(x,t) = F(z)G(t). Then,
GF — *GF" =0 and so
ol ) .
I A2G = 0.
7 B, G+XGE=0

where A\ = ¢/ is the frequency, and § # 0. From the boundary conditions we
have F'(0) = 0 and F'(L) + aF(L) = 0. The solution to the spatial problem
is

F(z) = Acos(Bx) + Bsin(fz),

and
F'(x) = —pAsin(fx) + BB cos(fx).

It follows now from the boundary condition F'(0) = 0 that A = 0. Then, the
boundary condition F'(L) + aF'(L) = 0 yields

Beos(BL) + asin(GL) = 0.
Where B # 0 and canceled out and the equation for the (s is
B = —atan(4L),

which has an infinite number of solutions §,, n=1,2,3,...
We conclude that the frequencies of vibrations are

A =cB,, n=1223,...

15. (You have to answer this question) Find the Laurent series and the radius
of convergence R, that converges at zo =i, for 0 < |z — i| < R, of

A: We write

1 1
A1 -0 (oirP(lr &)

Now,
S\

1 _ 2 (—2i)
(1+2) Z(z—z')"7

z—1 n=0

9



so we conclude that .
Z Z _ Z n+2 )
n—

It is straightforward to see that

Another expansion is possible, and is obtained as follows. We write

1 1 1 1

(z—i)(z+1i) (z—i)(z—i+20) 2i(z—d) 1+

Now,

> Z_Z
1+7 ;

Noting that (—1)"/:™ = i" we obtain, after multiplying by the term 1/2i(z—

and rearranging,

f0) = o = Sy B

The radius of convergence is R = 2.

10

i)



