APM 542, Winter 2005
Fxam 1, February 23

M. Shillor

You have 90 minutes and you have to answer 8 questions. Answer 6 out
of questions 1-8, and you have to answer questions 9 and 10. Mark clearly
which two questions are not to be graded. Each question is worth 12.5 points
(total of 100). Show full logic for full credit. You may use one page written
freely on one side. Good luck!

1. Find the general solution of the system

y’l = Y2, ?Jé =Y.

Find all the critical points and their stability.
What is the solution when y;(0) = 0 and y»(0) = 17

A. The matrix for the system is

(0.

The eigenvalues are A\; = 1 and Ay = —1, and the corresponding vectors are
vi = (1,1)T and v, = (1, —1)T. Therefore, the general solution is

Y(t) = (yl(t), yz(t))T = Clvlet + cQOe_t.

Now, p =0, ¢ = —1 and A = 4, and thus the origin (0,0), which is the
only critical point, is a saddle point.

The solution, given the initial conditions is such that ¢; = —cy = 1/2,
thus . .
y(t) = (n(t), y2(t))T = §V1€t - §V2€_t-



2. Find the general solution of the following system and the type of the
critical point,

Yy = 2y1 + 2y,
Yy = SY1 — 1.

A. The matrix for the system is

=(3%)

The eigenvalues are A\; = 4 and Ay = —3, and the corresponding vectors are
vi = (1,1)" and vy = (1, —5/2)". Therefore, the general solution is

y(t) = (yl (t)> yQ(t))T = 61V1€4t + C2V2€73t.

Now, p =1, ¢ = —12 and A = 48 and thus the origin (0, 0), which is the
only critical point, is a saddle point.

3. Find the solution u = u(x, t) of a string attached at both ends, with L = 7
and ¢ = 25, when the initial velocity is zero and the initial deflection is

u(z,0) = Dsin6z.

A. The general solution, using separation of variables, is

u(z, t) = Z (B, cos A\t + B sin A\,t) sin(nx),

n=1

where A, = cnm/L = 5n. By computing the Bs we find that all the B} =0
since the initial velocity is zero, and all the B, = 0 except for Bg = D.
Therefore, the solution is

u(x,t) = D cos 30t sin 6.

Indeed, at t = 0 we have u(x,0) = Dsin6z.



4. Write the model for the temperature distribution v in a body which
occupies a domain D in three dimensions, and has its outer surface divided
into three non-overlapping parts Sp, Sy, and Sg. Now, the temperature on
Sp is up, the heat flux gy is prescribed on Sy, and the body exchanges heat
with the environment over Si. The outside temperature is ug = 0, and the
heat exchange coefficient is h.

A. The model is as follows.

u —EAu = 0, in D, t>0,
U = g, in D, t=0,

U = U/D7 on SD, t > 0,
—k@ = qn, on Sy, t>0,
on
—k@ +hu = 0, on Sg, t>0.
on

5. Describe the phase portrait, when (i) ¢ = 0; (ii) ¢ # 0, of the nonlinear

oscillator:
L
y' 4 eyl + by <1_—°> o

NES7

A. Let y; =y and y, = ¢/, Then the equation can be written as

t
y/:(yl(t) )/: y2() .
_ _ 0 _
y2(t) kya (t) (1 \/m) cya(t)
The critical points are y, = 0 and

L
ki [1- —=2=] =0
Vi + L2

Thus, there are three critical points (0,0) and (4, 0), where [> = L — L.



(i) ¢ = 0. We start with this case. First we check the origin (0,0).
Linearizing about it, by neglecting powers greater than one, and setting
I*=(Lo— L)/L (> 0), yields

/- (38) - (e D) (2)

ya(t) kl* 0 ya(t) )

The determinant is det(A— AI) = 0, which has the solutions A\; = Vkl*, Ay =
—Vkl*. Then, p =0 and ¢ = —kl* < 0 and it is a saddle point.

We consider now the critical point (I,0). We change variables to g, =
y1 — I, 2 = yo. Then, the second equation becomes

Lo

7 _

Yo = —k(l+u1)|1-

? (t+3) ( L2+(l+z71)2>

L
= —k(l+75)|1- L
VL2 + 2+ 25 + 2

Now,

L() LO
1— ~ |[1- ————
( VL2412 + 20y, +g%> ( VIE+ 21371)
V14 2y, /L3

~ (1—1+I1y/L})
[ _
L—(Q)?h-

Here we used the facts that [ = L2 — L? and 1/y/1+x=1—2/2+....
Thus,

l le
—/ _ _ _
y ~ k<l yl) yl ~ yl'
2 l 2 l 2

So,
(20) = (% 0 ) (1)

Now, p =0 and ¢ = %2 > ( and the critical point is a center.
0
(i) When ¢ > 0 the center becomes a spiral in.



6. Consider the wave equation
Uy — gy = 0, —00 < T < +o00.

Initially, the velocity is zero and the displacement is

1+z, -1 <2 <0,
0, 1<zl

Find (i) u(16,7.6); (ii) u(16,7.9); (iii) u(16,8); (iv) u(16,9.2).
A. The D’Alembert solution, with g(z) = 0 and ¢ = 2, is

(e, t) = 5 (F(o+20) + flz —20)).
Therefore,
(i) u(16,7.6) — %(f(16 42X T6) + F(16 — 2 x 7.6))
= LUBL2+ f08) = 5(0+02) =01

(i) w(16,7.9)==(0+0.8) =04.  (iid)  wu(16,8) = % (0+1)=0.5.

1
2
(iv) u(16,9.2) = % (04+0) =0.

7. The beam equation is
Uy + 4uzmca: = 0.
The beam is clamped at x = 0, so u(0,t) = u,(0,t) = 0. At = = L it satisfies
u(L,t) = ugy(L,t) = 0. Find the equation for the eigenvalues (GL).
A. we use separation of variables, so let u(x,t) = F(z)G(t). Then, it
follows from the equation that

FG+4F"G = 0.

Therefore,

é )l
T —3* = const.




The solutions are
F(x) = Acos x + Bsin fx + C cosh fx + D sinh Gz,

G(t) = acoscF*t + bsin c3*t

The boundary conditions at = 0 yield F'(0) = F'(0) = 0, and F(L) =
F"(L) = 0. The first two lead to C'= —A and D = —B. The other two yield

F(z) = Acos Sz + Bsin fx — A cosh Sz — Bsinh fz,

F"(z) = —3*Acos Bx — 3*Bsin Bz — 3*Acosh Bz — 3B sinh (.
Then, F(L) =0 and F"(L) = 0 yield

0= AcosfBL+ BsinL — Acosh L — Bsinh L,

0= —p*Acos BL — *Bsin L — (2Acosh 3L — %Bsinh SL.
These lead to

0= Acos(BL+ BsinfgL, 0= Acosh L + Bsinh SL.
Then, the required condition is
tanh L = tan BL.

This equation has an infinite number of solutions, leading to the Fourier
representation of the solution of the problem.



8. Describe the phase plane portrait of the equation
y'+y —dy+yP =0

A. Let y; =y and y, = ¢/, Then the equation can be written as

y' = ( ﬁg )l - ( zyfy(lt()t) — 4 (t) — ya(t) ) '

The critical points are y, = 0 and
Y1 (4 - yf ) =0.

This means that y; = 0,42. Thus, there are three critical points (0,0) and
(£2,0).
Linearization of the system at (0,0) yields

=(n) =)= ()

We read off the matrix A that p = —1 and ¢ = det(A) = —4, and the point
is a saddle point.

We now investigate (2,0), the point (—2,0) has the same stability prop-
erties. We introduce the new variables y; = y; — 2 and ¥ = y». In terms of
these variables the system is

7= (50) = (20 -o0 - s - )

After linearization, we drop powers of ¥, thus,
1
L)

!/
y (01 (7 0 1
pr— _ pum A _ pum
Y (ya) (ya) (—8 —1><
, and the point is

We read off the matrix A that p = —1 and ¢ = det(A4) =
a spiral in.

Therefore, the phase portrait consists of a saddle point at the origin, and
two stable spiral points at (42, 0), with trajectories spiraling down to one or
the other of the of the stable points.

oo NaJiJ|



9. (You have to answer this question) Consider the problem

Ut — ClUgy = 0, O<ax< L,
u(0,t) = 0,
—u,(L,t) = hu(L,t)
u(z,0) = f(x), 0<z<L
u(z,0) = g(x), 0<z<L.

The energy of the system at time ¢ is given by
I 2 [* 1
E(t) = —/ u(x,t) dr + —/ uZ(x,t) do + =hu (L, t).
2 Jo 2 Jo 2

Does the system conserves the energy?
A. We need to show that, if u = u(z,t) is the solution, either

dF
i 1
dt 0, (1)

or equivalently, that
E(t) = E(0). (2)
We show (1) first, and then (2), as each method provides a different
insight.
So we compute E’ first. We are allowed to interchange the integration
and differentiation, thus

dE 1 [Fdu?(x,t 2 dud(xt 1., du®(L,t
:_/ Mdl“i‘%/ uwfl;v’ )d$+—C2h U( ) ) (3)
0 0

dat 2 dt 2 dt
Now,
1d(u?(x,t Ld(u?(z,t Ld(u?*(L,t
5—( tfit )) = UgUyt, 5 ( C(Zt )) = Uz Uy, _% = U;(L,t)Ut(L,t)

We insert these into (3) and obtain,

dE

L L
o= / gty dx + 2 / Uy dx + Phu(L, t)u, (L, t).
0 0



Next, we perform integration by parts in the second term on the right-hand
side

L L
02/ Ug Uy dT = —02/ Ugp Uy AT + 02u$ut|5.
0 0

Now, from the problem we have that «(0,¢) = 0 and so u;(0,t) = 0, and
—u,(L,t) = hu(L,t), thus, upon rearranging

dE

L
i / (g — gy ) dr — Ehu(L, t)uy (L, t) + Ehu(L, t)uy (L, t) = 0.
0

Here, we also used the fact that u satisfies the equation uy — c?ug, = 0.
We conclude that the energy does not change, i.e., it is conserved.

In the second approach we show (2), and proceed in the reverse direction.
We multiply the equation by u; and integrate over 0 < ¢ < T and over
0 <z < L, and obtain

T /L T /L
/ / gty dxdt — / / Upa U dzdt = 0.
o Jo o Jo

We observe that (1/2)0(u?)/0t = ugus. Thus, integration by parts with
respect to time in the first term, and using the initial condition u.(z, 0) = g(z)

yields
1 [F 1 [F
—/ ul(x, T) do — —/ g% () dx.
2 Jo 2o
Next,
0 0 10
Upp Uy = E (Uglly) — Ugllyy = o (uguy) — 351 (ui) )

Therefore, when we integrate over 0 < z < L the first term on the right-
hand side we find —c?u, (L, t)u;(L,t), and by using the boundary condition at
r = L we obtain 2hu(L, t)u,(L,t) = (c*h/2)0(u(L,t)?)/0t, and integration
over 0 <t < T gives

ch (T o(u(L,t)?) )

2
Ou(L,t)") ,, _Ch o _Cho

since u(L,0) = f(L).



The integration of the second term, over 0 <t < T, yields

T L L L
—02/ / Uz Uy dxdt = 02/ u?(z,T)dzx — 02/ (fH2(z) du,
o Jo 0 0

since u,(z,0) = f'(x). Combining all the terms above and rearranging we
obtain

1 [t L c*h
E(t) = 5/ u?(z,T) dx + 02/ uZ(z,T)dx + 7u2(L, T)
0 0

1

25/0 gQ(x)dx+02/0 (f’(x))de+%f2(L) = E£(0).

We conclude that E(t) = E(0), which means that the energy is conserved.

The first term in E is the kinetic energy, the second one is the stored
elastic energy, and the third one is the stored energy at the boundary point.

10



10. (You have to answer this question) Describe the trajectories in the
phase plane of the Duffing equation
Y+ wiy — By* = 0.

Assume that |5] is small. When 3 > 0 it represents a soft spring, and when
0 > [ it represents a hard spring. Can you explain the terms?
A. Let y; =y and y, = ¢/, Then the equation can be written as

y' = ( zy/;g ), = ( %L%)yl(t) + Byi(t) ) '

The critical points are y, = 0 and the roots of
yi (wy — Byi) = 0.

This means that y; = 0, ++1/w2 /3. Thus, when 8 > 0 there are three critical
points (0, 0) and (£+/w?2/3,0), while when 0 > (3 the origin is the only critical

point. We let u = \/w?/B = wo/+/B, when 3 > 0.
Linearization of the system at (0,0) yields

u y 0 1 y

/ 1 1 1

=) =2 (n) =) ()

We read off the matrix A that p = 0 and ¢ = det(A) = w3, and the point is

a center.

We now investigate (u,0), the point (—pu, 0) has the same stability prop-
erties. We introduce the new variables 4, = y; — ¢ and 42 = y2. We note
that to the first order

—wp (i1 4+ p) — B + 1) = —(wip + Bu®) — (wg + 31 B)i = 2wl

Since p? = w3/ (—0).
(7 )
v )

Thus,
_ !/
o — A1 _ 0 1

We read off the matrix A that p =0 and ¢ = det(A) = —2w?, and the point
is a saddle point.

Therefore, the phase portrait consists of a center at the origin, and two
saddle point points at (£, 0).
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